We present new theoretical stellar evolutionary models of metal-rich asymptotic giant branch (AGB) stars. Stellar models are evolved with initial masses between 1M ⊙ and 7M ⊙ at Z = 0.007, and 1M ⊙ and 8M ⊙ at Z = 0.014 (solar) and at Z = 0.03. We evolve models with a canonical helium abundance and with helium enriched compositions (Y = 0.30, 0.35, 0.40) at Z = 0.014 and Z = 0.03. The efficiency of third dredge-up and the mass range of carbon stars decreases with an increase in metallicity. We predict carbon stars form from initial masses between 1.75-7M ⊙ at Z = 0.007 and between 2-4.5M ⊙ at solar metallicity. At Z = 0.03 the mass range for C-star production is narrowed to 3.25-4M ⊙ . The third dredge-up is reduced when the helium content of the model increases owing to the reduced number of thermal pulses on the AGB. A small increase of ∆Y = 0.05 is enough to prevent the formation of C stars at Z = 0.03, depending on the mass-loss rate, whereas at Z = 0.014, an increase of ∆Y 0.1 is required to prevent the formation of C stars. We speculate that the probability of finding C stars in a stellar population depends as much on the helium abundance as on the metallicity. To explain the paucity of C stars in the inner region of M31 we conclude that the observed stars have Y 0.35 or that the stellar metallicity is higher than [Fe/H] ≈ 0.1.
INTRODUCTION
The bulge of the Milky Way Galaxy is home to some of the oldest and most metal-rich stars in our Galaxy. While most of the stars in the bulge are consistent with being older than 10 Gyr (e.g., Ortolani et al. 1995; Zoccali et al. 2003; Brown et al. 2010; Valenti et al. 2013) , there is evidence for a spread in ages with the youngest stars having ages as low as 2 Gyr (Bensby et al. 2013 ). The bulge is also home to a number of planetary nebulae (PNe) and asymptotic giant branch (AGB) stars (van Loon et al. 2003; Cole & Weinberg 2002; Górny et al. 2004; Groenewegen & Blommaert 2005; Uttenthaler et al. 2007; Górny et al. 2010; García-Hernández & Górny 2014) . The AGB stars show evidence of self enrichment through dredge-up processes owing to the detection of the heavy element technetium (Tc), although they themselves are not carbon rich (Uttenthaler et al. 2007 (Uttenthaler et al. , 2008 . Tc is a product of the slow neutron capture process, the s-process, which occurs in the deep interiors of AGB stars and is mixed ⋆ E-mail: amanda.karakas@anu.edu.au to the surface by the third dredge-up. The third dredgeup takes place after a thermal pulse and can occur many times, depending on the initial mass, metallicity, and Hexhausted core mass (for reviews of AGB evolution and nucleosynthesis we refer to Busso et al. 1999; Herwig 2005; Karakas & Lattanzio 2014) . However the dominant product of the third dredge-up is carbon, which is produced as a primary product of helium burning by the triple-alpha process. The third dredge-up therefore mixes carbon and heavy elements to the surface, and is the mechanism for converting oxygen-rich AGB stars to carbon-rich stars, which have more carbon than oxygen atoms in their atmospheres, that is, C/O 1 (e.g., Wallerstein & Knapp 1998) .
The fact that the bulge AGB stars are rich in Tc means that the third dredge-up has occurred, which requires a minimum mass of about 1.5M ⊙ . Cole & Weinberg (2002) found a population of carbon stars that traced the bar of our Galaxy and speculated that some of these may have wandered into the bulge region. The bulge PNe on the other hand show a double chemistry, with oxygen bearing molecules found together with polycyclic aromatic hydrocarbons, which are carbon-bearing molecules. While the double chemistry phenomena may be the re-sult of chemical reactions and not internal nucleosynthesis (Guzman-Ramirez et al. 2011) , spectroscopic follow-up observations of bulge PNe find that some of them have experienced the third dredge-up (García-Hernández & Górny 2014) . The progenitor masses of the PNe are not known, with García-Hernández & Górny (2014) speculating that some of the nebula evolved from intermediate-mass AGB stars with masses 4M ⊙ .
While the metallicity distribution of stars in the Galactic bulge shows a tail down to [Fe/H] −2 1 , the mean metallicity is around solar (e.g., Zoccali et al. 2008; Bensby et al. 2013) , with 95% of stars near the plane having metallicities between −1
[Fe/H] 0.6 (Bensby et al. 2013 ). The bulge has been shown to comprise two or three metallicity components, peaked at above solar ([Fe/H] ≈ 0.1 − 0.3) and just below solar metallicity with the metal-rich stars closer to the plane (Babusiaux et al. 2010; Hill et al. 2011; Ness et al. 2013) . Bensby et al. (2013) find the younger stellar component resides in the metal-rich bulge. The α-element content of the metal-rich bulge is approximately solar or within 0.2 dex of solar for Mg, Si, Ca, and Ti Bensby et al. 2013) although [O/Fe] declines linearly with [Fe/H] (see also Johnson et al. 2011; Gonzalez et al. 2011) . If the AGB stars and PNe are truly in the bulge, they likely evolved from a relatively young and metal-rich stellar population with [Fe/H] Dredge-up in AGB stars is strongly dependent on metallicity as well as mass (e.g., Boothroyd & Sackmann 1988; Karakas et al. 2002; Straniero et al. 2003) , with lower dredge-up efficiencies found at solar metallicity compared to the metallicities of the Magellanic Clouds. However, the studies by Karakas, Lattanzio, & Pols (2002) and Straniero et al. (2003) did not include AGB stars with metallicities higher than solar so it is unclear how dredge-up efficiencies vary as a function of mass in super-solar metallicity AGB stars. The high initial oxygen abundance of metalrich stars further impedes the formation of carbon stars, because carbon star formation requires there to be enough carbon atoms to exceed the now high number of oxygen atoms. These two factors have led to the suggestion that there is a metallicity ceiling to carbon-star formation, as discussed by Boyer et al. (2013) in the context of a paucity of carbon stars in the inner region of the Andromeda Galaxy (M31).
Helium enrichment may also be an important factor for stars in the bulges of spiral galaxies and in early-type galaxies (Atlee et al. 2009; Nataf et al. 2011; Chung et al. 2011; Nataf & Gould 2012; Rosenfield et al. 2012; Buell 2013) In order to reconcile the factor ≈ 2 discrepancy between spectroscopic and photometric age determinations of the Galactic bulge main-sequence turnoff, Nataf & Gould (2012) suggested that the metal-rich component of the bulge may also be helium rich, with helium abundances ∆Y ≈ 0.1 up from canonical expectations 2 . Bensby et al. (2013) note that an increase of helium by 0.1 does not remove the need for a young and intermediate-age stellar population.
HST photometry has also revealed that some Galactic Globular Clusters also host helium-rich populations, with helium abundances up to Y ≈ 0.4 in the case of ω Centauri and NGC 2808 (e.g., Norris 2004; Piotto et al. 2005; D'Antona et al. 2005; Joo & Lee 2013) .
The effect of helium-enrichment on stellar evolution during the giant branches is less well understood than its effect on colour-magnitude diagrams. Karakas, Marino, & Nataf (2014) studied the effect of helium enrichment on the evolution and nucleosynthesis of lowmass AGB stars. Helium enrichment was found to severely reduce the stellar yields expected from low-mass AGB populations at low metallicities by more than 50% for some elements. The effect at solar or super-solar metallicities is not known. Note that the origin of the high helium abundances is unknown, although it has been speculated that low-metallicity intermediate-mass or super-AGB stars or massive stars produced the high helium content of Galactic Globular Clusters (e.g., Norris 2004; Karakas et al. 2006; D'Ercole et al. 2012) .
The aim of the present study is to provide new detailed stellar evolutionary models of low and intermediate-mass AGB stars of updated solar metallicity (Z = 0.014) and super-solar metallicity (Z = 0.03). These models will be used to provide the first study of the dependence on mass and helium abundance on the third dredge-up at Z = 0.03, and will be useful for a range of applications including synthetic or parametric AGB studies (e.g., Izzard et al. 2004; Marigo et al. 2013; Buell 2013) . We also map out the mass range of carbon stars at super-solar metallicities from detailed stellar evolution models, and examine the effect of helium enrichment on the predicted mass range of carbon stars. Given that a large initial helium abundance truncates the yields of low mass, lower metallicity AGB models , it is reasonable to expect that enhanced helium may inhibit carbon star production at higher metallicities. In this paper we first introduce the stellar evolutionary models in §2 including a discussion of the initial helium abundance. We then present the results of the new stellar models in §3 including a comparison to other studies, discuss the major uncertainties affecting the results in §4, and finish with a discussion and conclusions in §5.
STELLAR EVOLUTIONARY MODELS
In this study we evolve stellar models of mass 1M ⊙ to 7M ⊙ with a global metallicity of Z = 0.007, and 1M ⊙ to 8M ⊙ with metallicities of Z = 0.014 (solar) and Z = 0.03. The full grid of masses at each metallicity is given in Table 1 . Models are evolved from the pre-main sequence to the tip of the AGB. The maximum masses at each metallicity experience off-centre carbon ignition but the carbon burning does not reach the centre. These are CO(Ne) core AGB stars according to the definitions given in Karakas & Lattanzio (2014) and are not true super-AGB stars, which have O-Ne cores (e.g., Siess 2010; Doherty et al. 2010) . The metallicities were chosen so we include models of solar metallicity and a metallicity that is approximately a factor of two more metal-poor and metal-rich than solar.
The metallicities of the models are representative of disc metallicities, according to iron abundances derived from stars (Edvardsson et al. 1993; Casagrande et al. 2011; Bensby et al. 2014; Recio-Blanco et al. 2014) , and abundances of oxygen and zinc in planetary nebulae, which are tracers of Galactic disc metallicities (e.g., Stasińska et al. 1998; Stanghellini & Haywood 2010; Smith et al. 2014) . The solar and metal-rich models are appropriate for comparison to stars and planetary nebulae in the metal-rich bulge of our Milky Way Galaxy (Bensby et al. 2013; Ness et al. 2013) , and also for comparison to AGB stars found in the inner regions of spiral galaxies such as M31 (Saglia et al. 2010; Boyer et al. 2013) . The lower metallicity models of Z = 0.007 (or [Fe/H] ≈ −0.3) are similar to the the metallicity of thick disc (e.g., Reddy et al. 2006; Recio-Blanco et al. 2014) or the peak metallicity of the Large Magellanic Cloud (LMC, Cole et al. 2005) , and will mostly be used here for comparison to the metal-rich models.
The input physics used in the stellar evolutionary sequences is exactly the same as described in . The initial composition of C, N, and O are scaled solar in the Z = 0.03 and Z = 0.007 models and solar in the Z = 0.014 models, where the solar abundances are from Asplund et al. (2009) . We choose to use the Asplund et al. (2009) abundances for comparison to other recent solarmetallicity stellar evolution models (e.g., by Cristallo et al. 2011; Ekström et al. 2012 , who adopt Z = 0.014 or a value close to that). Furthermore, we show in §4 that the stellar evolution calculations are not dependent on the choice of solar abundances and that adopting the say, Lodders et al. (2009) solar abundances, which have Z⊙ = 0.0153, does not change the results for a 3M ⊙ model. In the Z = 0.007 models we assume a scaled-solar composition, noting that there is little or no α-enhancement in the Galactic thin disc at [Fe/H] = −0.3 and only a mild α-enhancement in the thick disc at these metallicities (e.g., Figs. 12 and 13 from Reddy et al. 2006) .
The initial helium abundance is varied in the solar and metal-rich models (Z = 0.014, 0.03, respectively) and is described in more detail below. We assume no mass loss on the red giant branch (RGB) and use the Vassiliadis & Wood (1993) mass-loss formulation on the AGB. While the assumption of no mass loss on the RGB is an incorrect assumption, the Kepler results by Miglio et al. (2012) suggest that the mass-loss rates in metal-rich open cluster giant stars are less than predicted by Reimer's type massloss prescriptions with η ≈ 0.4. We use the C and Nrich low-temperature opacity tables from Marigo & Aringer (2009) , which are based on the solar composition of Lodders (2003) . The OPAL tables use the same initial composition as the low-temperature tables for consistency. We note that the initial solar Z is slightly lower in the opacity tables than we assume here in the stellar evolutionary calculations (Z = 0.01321 in the opacity tables compared to 0.014) but the difference is small (∆Z = 0.00079).
Convection is approximated using the Mixing-length Theory with a mixing-length parameter of α = 1.86 in all calculations. No convective overshoot is applied although we use the algorithm described by Lattanzio (1986) to search for a neutrally stable point for the border between convective and radiative zones. This has been shown to increase the amount of third dredge-up relative to models that set the position of the convective border according to the formal Schwarzschild boundary (Frost & Lattanzio 1996; Mowlavi 1999 ). Kamath, Karakas, & Wood (2012) found that this scheme was not able to reproduce the observations of AGB stars in Magellanic Cloud clusters and further mixing was required. Kamath et al. (2012) required a large amount of convective overshoot (up to 3 pressure scale heights) at the base of the convective envelope during third dredge-up in order to match the O-rich to C-rich transition luminosity of the cluster AGB stars. Here we ignore further mixing until §3.3, noting this is a considerable uncertainty to the lower mass limit for carbon star production.
The initial helium abundance
The primordial helium abundance, Yp, is a firm lower limit to the initial abundance of helium of the first stars in the Universe. For other generations of stars, the helium abundance has been steadily increasing as a result of stellar nucleosynthesis and is determined according to:
where ∆Y /∆Z is the rate of helium production and is typically expressed relative to the change in metallicity, Z. Both Yp and the gradient can be estimated from observations. Aver et al. (2013) estimate a value for Yp = 0.2485 ± 0.0002, based on the Planck determination of the baryon density and using the most recent He I emissivities based on improved photoionization cross-sections from Porter et al. (2012) , and a re-analysis of the observations by Izotov et al. (2007) . The slope, ∆Y /∆Z, has been estimated to be between 1 to 10 (Chiappini et al. 2002; Balser 2006; Gennaro et al. 2010; Portinari et al. 2010) , with Balser (2006) finding a value of 1.41 ± 0.62 in the Galaxy, consistent with standard chemical evolution models (e.g., Chiappini et al. 2002) . Izotov et al. (2007) estimate a value closer to 3 (2.94 or 2.88, depending upon their choice of He I emissivities) for low metallicity extra-galactic HII regions, whereas Casagrande et al. (2007) estimate ∆Y /∆Z to be 2.1 ± 0.9 around and above solar metallicity. In the models with global metallicities set to Z = 0.014 and Z = 0.03, we investigate the effect of varying the initial helium abundance on the stellar evolutionary sequences, and in particular, on the evolution during the AGB. In the Z = 0.014 models we set our canonical value Y = 0.28 and in the Z = 0.03 models we set the canonical Y = 0.30 (where X + Y + Z = 1, noting that when we vary Y we keep Z constant, which means that the hydrogen abundance, X, also varies). We set Y = 0.26 in all the Z = 0.007 models. We then evolve a series of models with masses between 2M ⊙ and 5M ⊙ at Z = 0.014 and Z = 0.03 with helium abundances shown in Table 2 . The mass range of models was chosen to investigate the effect of helium enrichment on the production of carbon stars.
If we take Yp = 0.2485 (Aver et al. 2013 ) and ∆Y /∆Z = 2.1 (Casagrande et al. 2007 ), then at Z = 0.007, 0.014 and Z = 0.03 we get Y = 0.2632, 0.2779, and Y = 0.3115, respectively. These are close to our chosen canonical values at our metallicities although it suggests that our choice of Y = 0.28 is a bit high for solar metallicity, which is motivation to run a few models with a lower value of Y = 0.26. For the Z = 0.03 models, the standard helium abundance of Y = 0.30 is a bit low for metal-rich stars, which is motivation for calculating a few stellar models with initial helium of Y = 0.32. Helium-enriched models at both metallicities include those calculated with Y = 0.35 and Y = 0.40. Note that at Z = 0.014, an initial helium of Y = 0.35 or 0.40 implies a slope of ∆Y /∆Z = 7.25 and 10.82, respectively, whereas at Z = 0.03 the slope is 3.38 and 5.05 for Y = 0.35 and 0.40.
RESULTS
In Tables 1 and 2 we present the list of stellar models calculated for this study. We note if the second (SDU) or third dredge-up (TDU) occur and if hot bottom burning (HBB) is active. We include the total number of thermal pulses (#TP), the final C/O ratio in the envelope (by number), the maximum third dredge-up efficiency, λmax, the H-exhausted core mass (hereafter core mass) at the first thermal pulse, Mc(1), the core mass at the first third dredge-up episode, M min c , the maximum temperature at the base of the convective envelope, T max bce , the maximum luminosity on the TP-AGB, L max agb , the total stellar lifetime, τ stellar , the lifetime on the AGB including early-AGB, τ agb , the lifetime on the TP-AGB, τ tpagb , the lifetime during the C-rich phase, τc, and the ratio between the C-rich lifetime and the lifetime on the AGB, (τc)/(τ agb ).
The third dredge-up efficiency is defined according to λ = ∆M dredge /∆Mcore, where λ is the third dredge-up efficiency parameter, ∆M dredge is the mass mixed into the envelope, and ∆Mcore is the amount by which the H-exhausted core increases over the previous interpulse phase. Masses and luminosities are in solar units, temperatures in 10 6 K, and ages in Myr.
We define low-mass stars as those that experience the core helium flash and intermediate-mass stars as those that ignite helium under non-degenerate conditions. The maximum mass for the core helium flash is 2M ⊙ at Z = 0.007, 2.25M ⊙ at Z = 0.014 and 2.5M ⊙ at Z = 0.03. Note that we do not include a model of 2M ⊙ at Z = 0.007 owing to convergence difficulties during core He ignition. All models experience the FDU. The SDU requires a minimum Hexhausted core mass of 0.8M ⊙ on the early AGB and this is satisfied by models of 4.5M ⊙ at Z = 0.014 and 5M ⊙ at Z = 0.03. At Z = 0.007 the SDU starts at 4M ⊙ , although it is very shallow at this mass. The effect of the first and second dredge-up is to lower the C/O ratio from its initial value (which we assume is solar, C/O = 0.55) to C/O 0.3, as well as decreasing the 12 C/ 13 C ratio. HBB occurs during the TP-AGB when the base of the convective envelope becomes hot enough for CNO cycle reactions to occur, and can produce significant increases to the luminosity and changes to the surface abundances (for more details we refer to reviews by Herwig 2005; Karakas & Lattanzio 2014) . Of importance for this study is the effect HBB can have on preventing the formation of a carbon-rich atmosphere, by converting 12 C to 14 N (Boothroyd et al. 1993) . Once HBB ceases, dredge-up can continue and the star may still become C-rich (Frost et al. 1998; van Loon et al. 1999 ). This is observed in our lowest metallicity models, where all intermediate-mass models become C-rich. HBB begins to alter the surface composition when the temperature exceeds 50 × 10 6 K (MK), which is reached in models of 4.25M ⊙ at Z = 0.007, 4.5M ⊙ at Z = 0.014, and 5M ⊙ at Z = 0.03 (Table 1) . discussed the effect of helium enrichment on the stellar lifetimes and core masses in lowmass, low metallicity AGB models. They found that an increase in the initial helium abundance leads to a shorter stellar lifetime, as a consequence of less hydrogen fuel for the main sequence. Stellar lifetimes are reduced in the heliumrich and metal-rich models, where the total lifetimes decreases by factors of 1.7 − 2.0, depending on initial mass and helium abundance (see Tables 1 and 2 ). The total stellar lifetime of a 3M ⊙ , Z = 0.03 model is reduced from 530 Myr when Y = 0.30 to 283 Myr when Y = 0.40, a decrease of 47% and we see similar reductions in the solar metallicity model of the same mass. AGB lifetimes are reduced by factors of 2.0-3.0, again depending upon mass and helium composition. The implication here is that AGB stars located in the (helium-rich) bulges of galaxies may not be as old as estimated from canonical stellar evolutionary calculations.
An increase in the core mass on the beginning of the AGB means that the minimum core mass for the occurrence of the SDU and HBB is lowered in helium-rich models . The minimum mass for the SDU is reduced from 4M ⊙ to 3.5M ⊙ at Z = 0.014 when Y = 0.35. Similarly, the minimum mass for HBB is reduced from 4.5M ⊙ to 4M ⊙ at Z = 0.014. At Z = 0.03, the minimum mass for SDU drops from 4.5M ⊙ to 4M ⊙ although the minimum mass for HBB does not change. The effect of HBB on the evolution of the surface C/O ratio is weak at the minimum mass; the reduction in third dredge-up efficiency and the decrease in the AGB lifetimes are more important, as we discuss next.
The third dredge-up
In Figure 1 we show a comparison between the new Z = 0.014 and Z = 0.03 models with a canonical helium abundance to the parametrization of the third dredge-up for Z = 0.02 provided by Karakas et al. (2002) . We also include the model data for the Z = 0.02 models with mass loss from that study. The Z = 0.02 fit is an excellent match to the core mass at the first thermal pulse for the Z = 0.014 models and for the Z = 0.03 models for M 3M ⊙ . The core mass at the first thermal pulse is smaller in the Z = 0.03 for 3.25 M (M ⊙ ) 6 compared to the fit. This mass range experiences the deepest third dredge-up, as shown by by Figure 1 (c) . Similar to the results found by Karakas et al. (2002) , we find that the core mass at the first thermal pulse is a good approximation for the core mass at the first TDU episode for M > 4M ⊙ . The core mass at the first thermal pulse and at the first TDU episode are larger in the 8M ⊙ models than the parameterization by Karakas et al. (2002) . This is not entirely surprising as the fit was made using models with a maximum mass of 6M ⊙ (although it does do a good job for the 7M ⊙ models). Karakas et al. (2002) used solar metallicity models without mass loss to derive the fits shown in Figure 1 . Our new Z = 0.014 models are a good match to those fits. In comparison, the Z = 0.02 models with mass loss from Karakas et al. (2002) have shallower dredge-up for M 2.5M ⊙ . The Z = 0.03 models show similar values to λmax as the Z = 0.014 models for M 3.5M ⊙ ; however the Table 1 . Stellar models calculated with a canonical helium composition. The luminosity is in the format n(m) where = n × 10 m L ⊙ . lower mass models at Z = 0.03 experience considerably shallower dredge-up, with TDU only starting at 2.5M ⊙ (compared to 2M ⊙ at Z = 0.014). While the 2.5M ⊙ , Z = 0.03 model experiences some TDU it does not become carbon rich.
The Z = 0.007 models are similar in metallicity to the Z = 0.008 models from Karakas et al. (2002) . Doherty et al.
(2014) present evolution and nucleosynthesis results for a 7M ⊙ , Z = 0.008 model, similar to our most massive case. The minimum mass for the TDU is 1.5M ⊙ in the Z = 0.008 models with mass loss, although dredge-up is shallow with a maximum λ = 0.084. This is very similar to the new Z = 0.007 models, where dredge-up also starts at 1.5M ⊙ , where λmax = 0.1. Dredge-up is deeper Table 1 . The fits to the Z = 0.02 models from Karakas et al. (2002) are shown by the solid lines, as are the model data for the Z = 0.02 models with mass loss (solid dark grey circles), also from Karakas et al. (2002) .
in the Z = 0.007 models for masses between 1.75M ⊙ and 2.5M ⊙ but after that the two model sets are similar. The minimum core masses at the first thermal pulse and first TDU are higher in the Z = 0.007 models. Besides the difference in metallicity, the stellar evolutionary code used for the calculations has been updated to use the LUNA rate (Bemmerer et al. 2006) of which govern energy generation during core He burning and therefore the size of the core at the beginning of the AGB (e.g., Castellani et al. 1992; Imbriani et al. 2001; Halabi et al. 2012) .
In Figure 2 we illustrate the effect of an enhanced helium composition on the third dredge-up, where we plot the Z = 0.03 models with Y = 0.35 against the canonical helium abundance models. While we only have 8 models for comparison, it is clear that an enhanced helium abundance increases the core mass at the first thermal pulse, and therefore at the first TDU episode, and importantly, lowers the maximum third dredge-up efficiency found at a given mass. From Table 2 we can see similar behaviour in the heliumenhanced Z = 0.014 models. The reduction in λ is most Table 1 .
apparent at the lowest masses that experience TDU, which has important consequences for the production of carbon stars in metal-rich populations. Increasing the helium content changes the mean molecular weight, µ, which results in hotter H-burning regions and higher luminosities. As a consequence, the whole star is bigger, brighter and has a lower effective temperature (a consequence of a larger radius). This means that the massloss rate is higher, which in turn reduces the number of TPs as can be seen most noticeably for the Y = 0.40 models in Table 2 . In the metal-rich models of Z = 0.03, TDU does not begin until e.g., the 11th TP in the 3.5M ⊙ model with Y = 0.30. The same model of Y = 0.40 only has 12TP and by the 11th the total mass has been reduced by ≈ 1M ⊙ . This reduction in number of TPs may be the main reason for the reduction in λmax (which has been shown to increase steadily with thermal pulse in lower mass stars, e.g., Karakas et al. 2002) .
The C/O ratio
In Figure 3 we show the range of final C/O ratios predicted from the canonical stellar evolutionary sequences. All Z = 0.007 models more massive than 1.5M ⊙ become Crich by the tip of the AGB, including the intermediate-mass AGB stars that suffer HBB. The final C/O ratio does not reflect the evolution of the C/O ratio for HBB models, which spend the majority of the TP-AGB with C/O < 1 as a consequence of efficient envelope burning. As an example, the 6M ⊙ , Z = 0.007 model experiences 64 TPs and only becomes C-rich after the 62nd, from Table 1 we see that the C-rich phase lasts for about 2% of the entire AGB phase. At higher metallicities dredge-up also occurs but there is less oxygen depletion by HBB (and the initial O abundance is much higher) which means that the models do not become C-rich.
Lower mass stars that do not experience HBB can have C-rich lifetimes that are 10% of the total AGB lifetime in the lowest metallicity models (Table 1 ). The ratio of the C-rich lifetime to the total AGB lifetime can be used as a proxy for the ratio of the number of C stars to O-rich Mtype AGB stars, C/M, in a given population. In the metalrich models of Z = 0.03 this ratio has a maximum of ≈ 0.03 at 3.75M ⊙ , whereas it reaches much higher values of ≈ 0.07 in solar metallicity models. Increasing the helium content of the model greatly reduces the number of carbon stars, where Table 2 shows that an increase of ∆Y = 0.07 at solar metallicity reduces the ratio to 0.02. In the metal-rich models an increase of helium almost entirely wipes out the C-star population. Figure 3 illustrates that the mass range of carbon-stars is predicted to shrink with an increase in the metallicity. By the time we get to Z = 0.03 only a narrow mass range between 3.25M ⊙ to 4M ⊙ become carbon rich, compared to 2M ⊙ to 4.5M ⊙ at Z = 0.014. Furthermore, the maximum C/O ratio also decreases with increasing metallicity as a consequence of a higher initial oxygen abundance. Models with masses near 5M ⊙ at Z = 0.014 and Z = 0.03 experience mild HBB. It is enough to keep the C/O ratio less than unity but Figure 3 shows that the final C/O ratio is ≈ 0.9. One or more TDU episode (at the same efficiency) would be enough for the model to become C-rich.
All intermediate-mass stars experienced convergence problems of the type discussed by Lau et al. (2012) and the models terminated with reasonably large envelope masses (≈ 1M ⊙ ). This means that the lifetimes given in Tables 1  and 2 are lower limits although in we estimated that one or two missed TPs is not going to affect the total stellar lifetimes or AGB lifetimes of models with M 2.4M ⊙ . For intermediate-mass AGB stars, we may be missing up to 3 or more TPs. As an example, we estimate that the 5M ⊙ , Z = 0.03 model may experience another 3 TPs, which would increase the AGB lifetime by ≈ 33, 000 years (taking a maximum interpulse period of 11,000 years). This is a negligible increase to the total and AGB lifetimes but increases the TP-AGB phase by about 16%.
In Figure 4 we show the final C/O ratios for the stellar models calculated with different helium compositions. We draw a line through the points with Y = 0.35 to highlight how the C/O ratio decreases in helium-rich AGB models. The main point to take away from this diagram is that an increase in helium by only ∆Y = 0.05 is enough to inhibit carbon star production altogether at Z = 0.03. Models that experience the largest shift toward lower C/O ratios are those at the minimum mass for the onset of the TDU, that is, stars with M ≈ 2 − 3M ⊙ according to our models.
Comparison to other studies
While there are no other Z = 0.03 AGB models for comparison, we can compare the solar and Z = 0.007 models to other studies. Here we compare to the 2M ⊙ , Z = 0.0138 model from Cristallo et al. (2009) and to the 3M ⊙ , Z = 0.02 model from Cristallo et al. (2011, noting that evolution model data is not available in the paper for the 3M ⊙ , Z = 0.0138 model). We also provide a comparison between our most massive AGB model of 7M ⊙ , Z = 0.007 to the calculations by Ventura et al. (2013) The model by Cristallo et al. (2009) has convective boundary mixing included, through the use of an exponentially-decaying diffusive overshoot scheme dependent on the parameter β, which is similar to the scheme adopted by Herwig (2000) . While our model has no formal mixing beyond the Schwarzschild border, we adopt the search for a neutral border to the convectiveradiative boundary described by Lattanzio (1986) which has been found to increase the amount of TDU relative to schemes that strictly adopt the Schwarzschild criterion (Frost & Lattanzio 1996) . Adopting the mixing scheme used by Cristallo et al. (2009) with their choice of β, leads to deeper TDU at a much lower core mass than we find in our calculation (see also discussion in Herwig 2000). We would need to include such a mixing scheme if we were to try and reproduce the Galactic C-star luminosity function, which peaks at a bolometric luminosity of about −4.9, where there are very few Galactic C-stars with luminosities higher than this (Whitelock et al. 2006; Guandalini et al. 2006; Guandalini & Cristallo 2013) .
We can include convective overshoot in a simple manner by extending the base of the convective envelope by N pressure scale heights, as done by Karakas, Campbell, & Stancliffe (2010) . If we set N = 2, we can calculate a 2M ⊙ , Z = 0.014 AGB model with similar characteristics to the model by Cristallo et al. (2009) . The minimum core mass for TDU is reduced from 0.616M ⊙ with no overshoot to 0.577M ⊙ , which is similar although still slightly higher than the minimum core mass for TDU of 0.568M ⊙ found by Cristallo et al. (2009) .
We now compare the 3M ⊙ , Z = 0.014 model to the 3M ⊙ , Z = 0.02 model by Cristallo et al. (2011) . The 3M ⊙ model by Cristallo et al. enters the AGB at a much higher core mass of 0.653M ⊙ and becomes C-rich at a core mass of 0.677M ⊙ . The final core mass is 0.700M ⊙ . In comparison, the slightly lower metallicity Stromlo model enters the AGB at a core mass of 0.598M ⊙ , becomes C-rich at 0.669M ⊙ and has a final core mass of 0.691M ⊙ . The Stromlo model experiences 28 TP, and has a final C/O=2.7, and dredges up 0.1M ⊙ from the He-shell. In comparison, the Cristallo et al. model has 14 TPs, a final C/O=1.59, and dredges up 0.0754M ⊙ . The C-rich lifetime of the Cristallo et al. (2011) model is shorter, at 0.462 Myr relative to our 0.604 Myr. Increasing the mass-loss rate on the AGB in our calculation would reduce the difference in final C/O and C-rich lifetimes. In summary, the Cristallo et al. model has a higher core mass and presumably a higher luminosity, although within the range of uncertainties in stellar models the results are reasonably consistent.
While both the current set of models and models by Cristallo et al. (2011) predict the occurrence of carbon stars with masses above 2M ⊙ , we emphasise that C-stars evolving from such progenitor stars will be very rare in stellar populations for the following reasons: 1) the initial mass function favours stars of lower mass, and 2) because they have short AGB and C-rich lifetimes.
We now compare the 7M ⊙ , Z = 0.007 model to the 7M ⊙ , Z = 0.008 model by Ventura et al. (2013) . This model was calculated with the Full Spectrum of Turbulence convective prescription which results in a stronger HBB during the AGB (Ventura & D'Antona 2005a) . This means that the peak HBB temperature is higher, at 105 MK, than the Stromlo model which peaks at 103 MK (noting that the Stromlo model has a lower metallicity, which also results in higher temperatures). The Stromlo model becomes C-rich at the very tip of the AGB, has a final helium mass fraction at the surface of Y = 0.352, and experiences 61 TPs. The final core mass is 1.04M ⊙ . In comparison, the 7M ⊙ model by Ventura et al. only has 24 TP, destroys considerable carbon such that the final C/O is well below unity, has a final surface Y = 0.36, and a final core mass of 1.14M ⊙ .
The 7M ⊙ Stromlo model becomes carbon rich because TDU continues after the cessation of HBB, which allows the C abundance to increase (Frost et al. 1998 ). van Loon et al.
(1999) presented observational evidence that supports this scenario, finding a sample of very luminous, dust-obscured C-rich AGB stars in the Magellanic Clouds. The existence of very bright, C-rich AGB stars is also evidence that stars in this mass range experience TDU at the metallicities of the Magellanic Clouds.
MODELLING UNCERTAINTIES
The evolution and nucleosynthesis of low-mass and intermediate-mass stars is significantly affected by numerical modelling uncertainties as well as uncertainties in the input physics (see Karakas & Lattanzio 2014 , for a detailed discussion). The main uncertainties affecting the current study are the treatment of convection and in particular, the numerical treatment of convective borders and the mass-loss rate used on the AGB (e.g., Ventura & D'Antona 2005a,b; Stancliffe & Jeffery 2007; Cristallo et al. 2009 ). The method for determining convective borders in particular determines the occurrence of the TDU (Frost & Lattanzio 1996; Mowlavi 1999) , and the minimum initial stellar mass for carbon-star production, while the mass-loss rate determines the number of thermal pulses and the AGB lifetime (Blöcker 1995) .
For models near the minimum mass for the onset of the TDU, dredge-up becomes less efficient as the metallicity increases. The treatment of convection and of convective borders is of paramount importance here. Convective boundary mixing as applied by e.g, Herwig (2000) , will decrease the minimum mass for carbon star production to whatever mass one desires. However, observations of C stars in the Galaxy are hindered by uncertain distances which means that the minimum mass from observations is not well constrained (Wallerstein & Knapp 1998) , although can be inferred from carbon-star luminosity functions to be ≈ 1.5M ⊙ (e.g., Whitelock et al. 2006; Guandalini et al. 2006; Guandalini & Cristallo 2013) . Guandalini & Cristallo (2013) re-derived the C-star luminosity function for Galactic C stars and find good agreement with the theoretical C-star luminosity function from Cristallo et al. (2011) , which has a minimum C-star mass of 1.5M ⊙ at solar metallicity. As described earlier, the models by Cristallo et al. (2011) employ a convective boundary mixing scheme, which requires a free parameter in order to obtain dredge-up at the lowest masses. We require a considerable amount of convective overshoot (3 pressure scale heights) for the 1.5M ⊙ , Z = 0.014 model to become Crich. While large, this is similar to the amount of overshoot Kamath et al. (2012) required in order to get the correct O-rich to C-rich transition luminosity in lower metallicity Magellanic Cloud clusters. Note that a similar amount of overshoot lowers the minimum mass for C-star production from 3.25M ⊙ at Z = 0.03 to 2.5M ⊙ .
The models by Cristallo et al. (2011) and Ventura et al. (2013) experience many fewer TPs than the calculations presented here. While the convective prescription in the envelope plays a more dominant role in intermediate-mass models (Ventura & D'Antona 2005a) , in lower-mass models the mass-loss rate on the AGB is crucial. We use the Vassiliadis & Wood (1993) semi-empirical prescription, which was derived from a sample of Galactic and Magellanic Cloud O and C-rich AGB stars. The mass-loss rate used by Cristallo et al. (2009) is based on a similar semi-empirical calibration to Vassiliadis & Wood (1993) of the period-mass loss relations of long-period variables (Straniero et al. 2006) .
Star clusters in the Galaxy can be used to probe uncertain physics in stellar evolutionary calculations such as mass loss and convection (Weidemann 2000; Marigo 2001; Ferrario et al. 2005; Kalirai et al. 2008 Kalirai et al. , 2009 Cristallo et al. 2011) . The core mass at the first thermal pulse is a good estimate of the final mass for stars more massive than about 4M ⊙ , which only experience shallow core growth owing to efficient TDU and short interpulse periods during which the H-burning shell is dominant. For stars less massive than about 4M ⊙ , the core growth is more significant and is determined by the depth of TDU and the mass-loss rate, which determines the AGB lifetime and hence the amount of core growth (e.g., Kalirai et al. 2014) . Kalirai et al. (2007) determined the initial masses of the white dwarfs (0.61±0.02M ⊙ ) in the solar metallicity cluster NGC 7789 to be 2.02±0.07M ⊙ . Our 2M ⊙ , Z = 0.014 model has a final mass of 0.659M ⊙ . In order to reproduce a final mass of 0.61M ⊙ , we require convective overshoot on the order of 2 pressure scale heights from the formal border. Again, this is consistent with previous studies and suggests that convective boundary mixing occurs in such stars.
The cluster NGC 6791 has a metallicity of [Fe/H] = +0.4, similar to our Z = 0.03 models. However, our 1M ⊙ , Z = 0.03 produces a final core mass of 0.57M ⊙ , larger than the mass of the white dwarfs in this cluster, at 0.53M ⊙ (Kalirai et al. 2008 ). At such low initial masses, the TDU is not predicted to occur so the uncertain details of Heburning determine the size of the core on the AGB (see discussion in Karakas & Lattanzio 2014) . Mass loss on the RGB is also important, as discussed by Kalirai et al. (2007) . Helium enrichment increases the core masses of the models at the start of the AGB, which implies that it is unlikely that any of the cluster member stars are strongly helium rich. Kalirai et al. (2014) compared the core mass growth from theoretical calculations using different mass-loss prescriptions to the white dwarf masses in Galactic open clusters of solar and super-solar metallicity. These authors found that the Vassiliadis & Wood (1993) prescription agrees very well with the observational data, at least for AGB stars up to about 2M ⊙ . In comparison, comparisons between the observational data and results using the Blöcker (1995) rate with η = 0.2 and the van Loon et al. (2005) rates were not so favourable.
For masses above 2M ⊙ , it becomes harder to constrain the mass-loss rates of AGB stars because of the paucity of observational data. A comparison between our 3M ⊙ , Z = 0.014 model to a similar metallicity calculation by Cristallo et al. (2011) suggests that the Vassiliadis & Wood (1993) mass-loss formula is too low at these masses. Ventura et al. (2000) calibrated the Blöcker (1995) rate against the lithium-rich, O-rich AGB stars in the Magellanic Clouds and determined a value of η = 0.01.
We test the Blöcker (1995) The initial solar abundances adopted are not a significant uncertainty on the stellar evolutionary calculations of solar metallicity. This is demonstrated by the reasonably good agreement between the Z = 0.014 models presented here and the previous Z = 0.02 models. To test this assumption further, we adopt the solar abundances by Lodders et al. (2009) , which have a proto-solar metallicity of Z = 0.0153, in a model of 3M ⊙ . The 3M ⊙ , Z = 0.0153 model has very similar characteristics to the model of Z = 0.014: 29 TPs instead of 28, 0.091M ⊙ of material dredged up relative to 0.1M ⊙ , and the same tip AGB luminosity of 13, 000L ⊙ .
Finally, we comment on other uncertainties that affect models of low and intermediate-mass stars including nonconvective extra mixing and stellar rotation. While nonconvective extra mixing on the RGB seems ubiquitous in all low-mass stars below 2M ⊙ (e.g., Gilroy 1989; Eggleton et al. 2008; Charbonnel & Lagarde 2010) , extra mixing on the AGB is much less certain (Busso et al. 2010; Karakas et al. 2010) . By extra mixing in this context, we are referring to the mixing between the base of the convective envelope and hydrogen shell, such that the products of H-burning are observed at the surface. The mechanism(s) responsible for mixing material from the base of the convective envelope through a hot region near the H-shell is unknown. Various mechanisms have been proposed including including thermohaline mixing (described below), magnetic buoyancy (Nordhaus et al. 2008; Nucci & Busso 2014) , and stellar rotation (Herwig et al. 2003; Piersanti et al. 2013) . Rotation can generally be ruled out for RGB stars (e.g., Palacios et al. 2006; Charbonnel & Lagarde 2010) , although it can produce changes to AGB nucleosynthesis (Herwig et al. 2003; Piersanti et al. 2013) . From the models of Piersanti et al. (2013) , rotation does not appear to limit the production of C-stars at a given mass at solar metallicity although it does reduce the final [C/Fe] at the surface.
Thermohaline mixing or "double-diffusive mixing" has been shown to be effective on the RGB (Charbonnel & Zahn 2007; Eggleton et al. 2008; Denissenkov 2010; Angelou et al. 2012 ) but less so on the AGB (Stancliffe et al. 2009; Stancliffe 2010) . Thermohaline mixing has been coupled with magnetic fields (Denissenkov et al. 2009 ) and with rotation (Lagarde et al. 2011) .
The main effect of extra mixing is to lower the 12 C/ 13 C ratio, with only small changes to the C/O ratio. For example, Lederer et al. (2009) observed C/O=0.2 in unevolved AGB stars in the LMC cluster NGC 1978, about 0.1 below the predicted C/O=0.30. Extra mixing does not appear to be operating in the C-rich AGB stars in NGC 1978 but it does appear to be moderately efficient in the AGB envelope of the LMC cluster NGC 1846, which has a similar metallicity to NGC 1978 ). The operation of extra mixing in low-mass AGB stars does not change their C-rich status, but instead acts to lower their 12 C/ 13 C ratios relative to models without extra mixing.
CONCLUSIONS
We present grids of new stellar evolutionary models with masses between 1M ⊙ to 7-8M ⊙ at metallicities of Z = 0.007, 0.014, and 0.03. These metallicities are appropriate for comparison to AGB and PNe populations in the disc and bulge of the Milky Way Galaxy and external galaxies such as M31 and the LMC. In a future study, we will calculate detailed nucleosynthesis predictions from these models in order to produce stellar yields and for comparison to the abundances of observed objects.
The Z = 0.03 models are the first detailed AGB models of this metallicity in the literature. We compare our results to the parameterization of the TDU by Karakas et al. (2002) for AGB models of Z = 0.02. These fits were made to models without mass loss and were calculated with a higher initial helium composition of Y = 0.2928. The Z = 0.02 models with mass loss experience shallower dredge-up than we find in the Z = 0.014 models with Y = 0.28 but are much closer to what we find for the Z = 0.014 models with Y = 0.30.
The behaviour of the TDU in the canonical Z = 0.014 models is well approximated by the parameterization for Z = 0.02 by Karakas et al. (2002) . In contrast, the Z = 0.03 models experience considerably shallower dredge-up for M < 4M ⊙ compared to the solar metallicity models. The mass range that produces carbon stars is 1.75-7M ⊙ at Z = 0.007, 2-4.5M ⊙ at Z = 0.014, which is reduced to 3.25-4M ⊙ at Z = 0.03. The 3M ⊙ , Z = 0.03 model almost becomes C-rich, where the final C/O = 0.91. We have discussed how uncertain input physics such as the AGB massloss rate and the treatment of the border between convective and radiative regions will impact the calculations. Other uncertainties such as the molecular opacities (e.g., Marigo 2002) can also have a considerable impact on AGB lifetimes and will shift the minimum mass for C-star production.
In this study we also present the first helium-rich stellar evolutionary models at a solar and super-solar metallicity. We find that the third dredge-up is either reduced or inhibited when the initial helium content of the model is increased. This is caused by a reduced number of thermal pulses on the AGB relative to the canonical models. A small increase of ∆Y = 0.05 is enough to inhibit carbon star production altogether at Z = 0.03, depending on the choice of mass-loss rate, whereas at solar metallicity we require a much larger helium enrichment of ∆Y ≈ 0.1 to prevent the formation of carbon stars. The consequences of removing carbon stars from super-solar metallicities on the chemical evolution of galaxies still needs to be explored, once stellar yields from such models become available.
In the inner region of M31, Boyer et al. (2013) found a very low number of carbon stars compared to the fit through observations from nearby galaxies covering a range of metallicities. The fit suggest there should be a much higher C/M star fraction at [M/H] ≈ 0.1 ± 0.1 (their Figure 1) . The fit is also consistent with model predictions for close to solar metallicity such as those presented here, which suggests that there should be a reasonable number of carbon stars in the inner region of M31. Indeed, if anything we are un-derestimating the number of carbon stars because we only find substantial dredge-up for M 2M ⊙ . The lack of Cstars is not simply because Boyer et al. (2013) are sampling an older population, where optical colour-magnitude diagrams for their region reveal the presence of stellar populations with a turn-off age younger than ≈ 1 Gyr (Boyer et al. 2013) . We conclude instead that the lack of carbon stars in the inner region of M31 is either the result of the metallicity being higher than estimated, at [Fe/H] ≈ 0.3 instead of 0.1, and/or there is a substantial enrichment in helium in the observed stellar population. We show in Table 2 that an increase of ∆Y ≈ 0.1 at solar metallicity removes all of the carbon stars from the population.
Finally, helium appears to be an important third parameter governing the evolution and nucleosynthesis of low and intermediate-mass AGB stars. We have shown that helium is as important for the evolution of AGB stars at solar and super-solar metallicities as it is in low metallicity AGB stars . We speculate that it may be possible to take the ratio of C/M stars observed in e.g., M31 by Boyer et al. (2013) and infer the level of helium enrichment in the inner regions of galaxies if the metallicity is well determined. Strong levels of helium enrichment reduce or completely remove carbon stars from populations. Estimating helium abundances from C/M star ratios would certainly be a novel way to infer the chemical enrichment of galaxies.
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